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Abstract 
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The naturalness criterion applied to the cosmological constant implies a new-physics 

threshold at 10 eV. Either the naturalness criterion fails, or this threshold does not 
influence particle dynamics at higher energies. It has been suggested that the Higgs 
naturalness problem may follow the same fate. We investigate this possibility and, 
abandoning the hierarchy problem, we use unification and dark matter as the only 

"^ \ guiding principles. The model recently proposed by Arkani-Hamed and Dimopoulos 

emerges as a very interesting option. We study it in detail, analysing its structure, and 

JL , the conditions for obtaining unification and dark matter. 

Q 

> 

X 



1 Introduction 

For decades the naturalness (or hierarchy) problem of the Higgs mass term has been the 
guiding principle to construct theories beyond the Standard Model (SM). The criterion of 
naturalness has the exciting implication that the SM should stop to be valid at a scale 
around the TeV, and new dynamics should occur at energies reachable by present or near- 
future colliders. Although no clear indications for any SM failure at electroweak energies has 
emerged so far, a conclusive resolution of this issue has to wait for the LHC. 

From a field-theoretical point of view, the cosmological constant problem appears to be 
very similar to the naturalness problem of the Higgs mass, since both of them are related to 
ultraviolet power divergences. The same naturalness criterion, applied to the cosmological 
costant, leads to the existence of a threshold of new dynamics at 10~ 3 eV. We do not know if 
some hidden dynamics actually takes place at that scale, or if the resolution of the problem 
comes without any modification of the dynamics. What we know is that present particle 
physics calculations, valid at energies much larger than 10~ 3 eV, can be safely performed 
by setting the cosmological constant to zero and ignore any effect caused by the mechanism 
ultimately responsible for the solution of the problem. This fact has been justified by invoking 
the anthropic principle |T] , which could be operating in presence of a large number of meta- 
stable vacua, as in string theory [2j. 

It is conceivable to ponder whether such an explanation could also apply to the hierarchy 
problem, imagining a mechanism (not necessarily based on the anthropic principle) which 
allows to extrapolate SM calculations to energies much larger than the TeV, without the 
need of introducing new dynamics, besides the Higgs. 

At first sight, this sounds like a devastating proposal. But, if we are willing to abandon 
the hierarchy problem, we can try to use other clues to drive the search for the theory beyond 
the SM. Gauge coupling unification could be one such clue: it is motivated by a theory that 
addresses questions related to the fundamental structure of the SM particle content. 

The failure of exact unification of gauge couplings in the SM suggests the existence of 
new particles, belonging to incomplete GUT irreps, which mend the mismatch. It is well 
known that low-energy supersymmetry provides precisely the necessary particles with the 
appropriate quantum numbers. Recently, Arkani-Hamed and Dimopoulos [3|, setting aside 
the hierarchy problem, have noticed that gauge-coupling unification can be achieved in a 
super symmetric model where all scalars, but one Higgs doublet, are much heavier than 
the electroweak scale. Most of the unpleasent aspects of supersymmetry (excessive flavour 



and CP violation, fast dimension-5 proton decay, tight constraints on the Higgs mass) are 
eliminated, but the unification is retained. 

If supersymmetry plays no role in solving the hierarchy problem, there is no reason to 
insist that the spectrum is (partially) supersymmetric. Therefore, in this paper we perform 
a general analysis of the particle content that has to be added to the SM to obtain gauge- 
coupling unification. We assume that the new particles have masses around the weak scale, 
and postulate the absence of thresholds at intermediate energies or various stages of gauge 
symmetry breaking. Why should the new states appear at the weak scale, if the hierarchy 
problem is not the guiding principle of the analysis? 

Here we can use a second observational clue: the evidence for dark matter and the 
observation that a particle with weak cross section and mass around the Fermi scale is a 
natural candidate for it. We stress that the unification and dark- matter arguments are not 
in general sufficient to insure that new physics be within the LHC discovery reach, contrary 
to the naturalness criterion. Nevertheless, as we will show in our analysis, in some cases 
there are interesting experimental consequences to be investigated. 

In particular, as explained in sect. 12. 1| we find that the model proposed in ref. [Sj, 
which we call Split Supersymmetry, emerges as more justified than other non-supersymmetric 
scenarios. For this reason, in sect. El we perform a careful analysis of the predictions of Split 
Supersymmetry, extending the results of ref. |S]- We perform a two-loop analysis of gauge 
coupling unification and discuss the mb/m T relation. We discuss the predictions for gaugino 
masses and couplings and for the Higgs mass. Next, we link the gaugino and higgsino masses 
to the weak scale by computing the relic abundance of the lightest neutralino and by requiring 
that it constitutes the dark matter. Finally, we briefly discuss signals at high-energy colliders. 

2 Conditions for Gauge-Coupling Unification 

In this section we want to classify all possible particle contents that lead to a successful gauge- 
coupling unification, under the two following assumptions: (i) grand unification into a simple 
group occurs with no intermediate stages of symmetry breaking; (ii) the new particles have 
masses comparable with the electroweak scale. We do not necessarily assume low-energy 
sup er sy mmet ry. 

Considering one-loop evolution of gauge couplings, the GUT predictions of the strong 



coupling a s , and of the unification scale Mqut and coupling ctcuT are 
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Here iV s counts the contribution to the /9-functions from complete SU(5) irreps, and it is 
normalized such that the 3 families of SM quarks and leptons give N g = 3. In the case of 
low-energy supersymmetry N g = 9/2, because of the extra contributions from squarks and 
sleptons (which count 1/2 for each generation). However, notice that N g does not affect the 
predictions of a s and Mqut, since its contribution cancels in the difference of two (3- function 
coefficients. Next, % counts the number of Higgs doublets, and we take n# = 1. Finally, 
Ni give the contributions from matter in incomplete GUT multiplets. The normalization is 
such that, for two-component fermions, Ni is the Dynkin index of the irrep 1 and, for complex 
scalars, iVj is half the Dynkin index. With this definition, all JVj are positive, and A^ 2 ,3 are 
integers for chiral fermions, even integers for fermions in real irreps, and half integers for 
complex scalars. The same holds for the quantity 5Ni, if the representation can be embedded 
in SU{5) 2 

1 In the case of SU(N) groups, the Dynkin index is 1 for the fundamental, 27V for the adjoint, and 
N + 2 for the symmetric product of two fundamentals. In the case of U(1)y, we define the Dynkin index 
as (3/10)NfY 2 , where Nf is the number of multiplet components and Y is the hypercharge (Y 2 = 1 for the 
SM Higgs). 

2 This can be proven by using the following observation. Let us consider an irrep of SU(N) in a subspace 
S of a tensor product of fundamentals. Every linear operator X acting on the space of the fundamental 
representation induces a linear operator Xy, in S, defined as the sum of the action of X on the single tensor 
factors. We then have 



TrX E = r E TrX 
TrX s F E = p^TrXTrY + q^TiXY , 



(7) 



where ps, qs, ?"£ are non-negative integers independent of X, Y. Let us now consider a SM chiral fcrmion 
irrep from SU(5). That can be written as the tensor product of an irrep of SU{2) with dimension D% and 
an irrep of SU(3) with dimension D3. Moreover, the hypercharge gives 1 on each SU(2) factor and -2/3 on 
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Figure 1: On the plane of the Dynkin indices of new matter (N2 — N3) and (N2 — N\)5/2, 
the diagonal band shows the region where a s (Mz) is within 2-er of its measured value. 
Points along the vertical lines give the same value of Mqut? and the lines corresponding to 
Mqut = 10 15 GeV and 10 19 GeV are shown. The black dot indicates the solution with only 
fermions in real irreps and the gray dots indicate solutions when also new scalar particles 
are added. 

In fig. E]we show the predictions for a s (Mz) and Mgut as functions of N 2 — N 3 and 
(N 2 -N 1 )5/2, taking sin 2 6 W (M Z ) = 0.23150 ±0.00016 and a~ 1 {M z ) = 128.936 ±0.0049 @j. 
Agreement with the measured value a s [Mz) = 0.119 ± 0.003 gives a well-defined correlation 
between N2 — N% and (N2 — iV\)5/2, shown by the diagonal band in fig. Q The requirement 
that unification is achieved («gut > 0) in the perturbative domain (ogut < 1) imposes the 
constraint 

2iV 2 -iV 1 <31-4(iV 9 -3). (9) 



A further limitation of the available parameters comes from the request that Mgut is 
sufficiently smaller than the Planck mass, in order to trust field theory without quantum 
gravity and sufficiently large to avoid quick proton decay. GUT gauge bosons with mass 
Mgut mediate the decay p 
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each SU(3) factor. By using eq. [3 we then find 
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where p 2 ,q 2 , r 2 , P3, q 3 , r 3 are given by eqs. [7| Therefore, N 3 , N 2 and 5Ni/2 are integers. 



Here f n = 131 MeV, the chiral Lagrangian factor is (1 + D + F) = 2.25, and we have 
taken the operator renormalization factors Al = Ar = 5. For the hadronic matix element 
«at, we take the lattice result [H| c^n = 0.015 GeV 3 . From the Super-Kamiokande limit 
t(j> — > 7r°e + ) > 5.3 x 10 33 yr, we obtain 



M GVT > -^ f — 6 x 10 GeV - ( 12 ) 

GUT \1/35J V0.015 GeV 3 / \5J K ' 

The measured value of a s (M z ) and the upper and lower bounds on M G ut (given by 
the vertical lines in fig. [I} select an allowed region in the space of the Dynkin indices of 
new matter. From this result, we can already conclude that one-step unification cannot 
be achieved by adding to the SM only particles carrying no colour charges. Indeed, for 
A/" 3 = we find an upper bound on Mqut, which is maximized for ATj = 0, corresponding to 
Mqut < 2 x 10 14 GeV. This bound becomes much more stringent if the new weak particles 
carry hypercharge. At any rate, the upper bound on M GUT is inconsistent with eq. (jUj) . 
Also from fig. [I] it is apparent that there is no solution when N 2 = 0. Therefore unification 
requires a new set of particles carrying both colour and weak charges. 

Since the variables Ni can only take discrete values, only certain points in the region of 
fig. ^are physical. To procede, we elaborate on the new particle content. We start by con- 
sidering only fermions in real irreps, as this appears to be the most interesting physical case. 
Fermions in chiral representations, from incomplete GUT multiplets, generically introduce 
anomalies. Moreover, they can only get mass from electroweak symmetry breaking, and they 
are typically ruled out either by direct experimental searches or by their virtual effects on 
precision measurements. New light scalars, besides the Higgs, imply further fine-tunings and 
therefore, for simplicity, it is preferable to exclude them. At any rate, we will later generalize 
our results to the case of chiral fermions and scalars. 

Since eventually we want to unify the theory, the new particles should belong to some 
(incomplete) GUT multiplet. This restricts the allowed quantum numbers. If, for simplicity, 
we consider the fermions to be part of the 5 + 5, 10 + 10, 15 + 15, 24 irreps of SU(5i) and 
exclude higher dimensional irreps, the possible new particles are 

Q = (3, 2, 1/3) + (3, 2, -1/3) U = (3, 1, 4/3) + (3, 1, -4/3) 

D = (3, 1, -2/3) + (3, 1, 2/3) L = (1, 2, 1) + (1, 2, -1) 

E = (1,1, 2) + (1,1, -2) V = (1,3,0) 

G=(8,l,0) X = (3, 2, -5/3) + (3, 2, 5/3) 

T = (1, 3, 2) + (1, 3, -2) S = (6, 1, -4/3) + (6, 1, 4/3). (13) 
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Introducing a generic number n a of multiplets belonging to the irreps a listed above, we find 
that their contributions to the /3-function are 

(14) 
(15) 
(16) 

A = n Q - nu - n D + n L + 2n v - 3n G + n x + ^n T - 5n s (17) 

B = 2n Q - n v - n E + n v + n G - 2n x - n T - n s (18) 

Therefore, the allowed points of the plane in fig. ^ are those obtained from eqs. ()14j) and (|15j) 
for integers (positive or negative) values of A and B. This is actually true independently of 
the fermion content of the theory, provided that the fermion representation is real and the 
new particles belong to some (incomplete) 577(5) multiplet (see footnote^. 

Negative values of A correspond to solutions where Mgut > Mpi, which we discard. For 
A — 1, we find a solution with B — 1, corresponding to a s {Mz) = 0.120 and Mgut = 
9.8 x 10 14 . The minimal particle content is given by (E + Q) or (D + V). The case (D + V) 
is particularly interesting, because V contains a dark matter candidate, linking the new 
particles to the TeV scale. However, even though a s [Mz) is i n agreement with measurements, 
Mgut is in conflict with the proton-decay bound in eq. ()12|) . We will discard this solution. 

We are left only with the case A = 0. The solution for B = 2 gives a s (Mz) = 0.102 and 
Mgut = 1.6 x 10 16 . The value of Mgut is consistent with eq. (fl2"|) . but a s (Mz) is rather low 
and a certain amount of threshold effects are beneficial, as we will discuss in the next section. 
Possible particle contents can be obtained by solving eqs.(|17|) and (J18JI. The minimal options 
are (Q + D), (L + V + G), (V + 2G + T), (U + 2V + G), (2Q + 2U), or (Q + 27J + L). Those 
containing L or V have a dark matter candidate. The case (Q + D) has been proposed 
in ref. |7] as a cure to the discrepancy between measurements and SM prediction of the 
b-quark forward-backward asymmetry. The particle content of (L + V + G) corresponds to 
the supersymmetric SM with a single Higgs doublet: it is thus the case advocated in ref. 0. 
Indeed, we can identify L with the (Dirac) higgsino components, interpret V and G as the 
W-ino and gluino, and add a gauge singlet B-ino (which does not affect the gauge-coupling 
evolution at one-loop) to complete the gaugino spectrum. 

The generalization of these results is now straightforward. Chiral fermions can contribute 
to A and B with half-integers and complex scalars with multiples of 1/4. The solutions with 
acceptable M G ut and a s (M z ) (within 2-er) are collected in table 1. The explicit particle 
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Table 1: N\ )2 ,z are the Dynkin indices of the particle content of new matter (including scalars) 
necessary to achieve gauge-coupling unification in the SM. The corresponding predictions for 
a s (Mz) and Mqut are also listed. The values of A and B and eqs. (J 17)) and (|18|) determine 
the particle multiplets of new matter. 

content of the solution listed in table 1 can be obtained from eqs. (JT7j) and (|18j). Notice that 
the case (A^ — A3) = 1/2 and (N 2 — Ni)5/2 = 25/2 corresponds to the usual supersymmetric 
extension of the SM with two Higgs doublets. From the results in table 1 we observe that 
some of the solutions have a value of Mqut close to the experimental limit and therefore 
predict a measurable proton-decay rate. Two-loop renormalization group and threshold 
effects can give shifts of a s (Mz) even larger than the experimental error. These effects split 
the degeneracy of the various models, since they depend on the matter content through 
more parameters than simply (A*2 — N$) and (A^ — Ni). For instance, in the minimal 
supersymmetric model, two-loop running effects amount to a shift Aa s (Mz) = +0.011. 
Low-energy threshold corrections depend on the detailed mass spectrum. The contributions 
from individual particles can be very significant, although in the minimal supersymmetric 
model a certain amount of cancellation among the various contributions typically occurs. 

In summary, we have classified the particle content of new matter at the electroweak 
scale, necessary to achieve gauge-coupling unification in the SM (see also ref. jH]). We have 
found several class of solutions. However, if we require the presence of only fermions in real 
irreps, there is only one class of solutions. Although there is a large degeneracy of models 
with the same values of (A^ — A3) and (A2 — Aq), therefore belonging to the same class, the 
case of Split Supersymmetry proposed in ref. [3] is the case of minimal field content with a 
dark matter candidate. 

2.1 Split Supersymmetry versus Non- Supersymmetric Solutions 



It is likely that supersymmetry plays a role in a consistent theory of gravity, like superstrings. 
But, if we abandon the naturalness problem, the rationale for low-energy supersymmetry is 
lost, since the preferred superstring vacuum may well completely break supersymmetry. 



Nevertheless, we want to argue that the case of Split Supersymmetry looks particularly 
intersting, when compared with the other non-supersymmetric solutions to gauge unification 
that we have found in the previous section. 

In general, once we introduce new particles at the weak scale to obtain gauge-coupling 
unification, we encounter several problems. Split Supersymmetry seems to have partial 
answers to several of them. Let us briefly analyse them. 

(i) Splitting of GUT irreps. Gauge-coupling unification requires the addition of new 
incomplete GUT multiplets. It is not always natural in a GUT to obtain the appropriate 
content of light particles. This is nothing else than the old doublet-triplet splitting problem 
for the Higgs multiplet. In Split Supersymmetry, once the necessary Higgs doublet-triplet 
splitting is achieved, no other incomplete matter multiplets are necessary. Supersymmetry 
plays a crucial role in relating the content of gauginos to the incomplete irrep of gauge 
bosons, and higgsinos to Higgs. 

(ii) Light fermions . To maintain vector-like fermions light, the theory should posess some 
approximate global symmetries. Supersymmetry has the advantage of having some of this 
symmetries already built in. Gaugino and higgsino masses can be protected, even after soft 
supersymmetry breaking, by an .R-symmetry and a PQ symmetry, related to the origin of 
the \x term jU] . We will show that actually, in the effective theory, only a linear combination 
of the two symmetries survives, but this is sufficient to protect gaugino and higgsino masses. 

(Hi) Existence and stability of dark matter. In this framework, dark matter provides the 
link with the electroweak scale. Therefore the existence and stability of a weakly-interacting 
neutral particle is a crucial ingredient. Supersymmetry has these features built in, because 
of the i?-parity, which can be a low-energy consequence of a GUT gauge symmetry. 

(iv) Instability of coloured particles. We have seen that the condition for one-step unifica- 
tion and proton stability requires the existence of new coloured particles at the electroweak 
scale. If these particles are stable, they could be present today, bound in nuclei, and they 
would appear as anomalously heavy isotopes. Their relic abundance is quite uncertain, be- 
cause it depends on the mechanism of hadronization and of nuclear binding [HJj • However, 
even allowing for the most conservative estimates, stable coloured particles are ruled out 
by searches for heavy hydrogen isotopes, which excludes that their number per nucleon is 
larger than 10~ 28 for a mass up to 1 TeV P3] and 10 -20 up to 10 TeV [I2j. The decay of the 
new coloured particles could arise from mixing with ordinary quarks through renormalizable 
interactions. However this mixing typically introduces unwanted flavour violations, and it is 
tightly constrained. If the decay occurs through a non-renormalizable 4-fermion interaction 
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with scale A, the lifetime of the coloured particle with mass M is 

T ~ (4vr) 3 ^ ~ l—^ ( A V 0.4 Gyr. (19) 

v ; M 5 V M / V10 13 GeV/ J v ; 

Thus, the decay of the coloured particle requires either a small parameter or a new threshold 
at an intermediate scale smaller than about 10 13 GeV, which can modify the gauge-coupling 
evolution. In Split Supersymmetry, the intermediate threshold is provided by the squark and 
slepton masses, which mediate gluino decay. This threshold consists of a complete GUT irrep 
(apart from the heavy Higgs doublet) and therefore does not (much) affect the unification 
condition. As long as the mechanism of supersymmetry breaking explains the existence of 
two widely separated scales, the gluino stability does not pose a problem. 

Because of the interesting features of Split Supersymmetry, we proceed to investigate it 
in more detail. 



3 The Structure of Split Supersymmetry 

The spectrum of Split Supersymmetry contains the higgsino components H u>d , the gluino 
(g), the W-ino (W) and B-ino (B), and the SM particles with one Higgs doublet. The 
most general renormalizable Lagrangian with a matter parity, besides gauge-invariant kinetic 
terms, is given by 

£ = m 2 H ] H - ^ (H^H) 2 [h^q jUl eH* + h^q^H + h^l^H 



~ (g u a a W a + ~g' u B) H u + ^ (~~g d a a W a + ~g' d B) H d + h.c. 



(20) 



where e = icr 2 . 



The Lagrangian in eq. ()20|) describes the effective theory obtained by removing squarks, 
sleptons, charged and pseudoscalar Higgs from the supersymmetric SM. These states are 
assumed to be heavy and, for simplicity, we will assume them to be all degenerate with mass 
fh. The coupling constants of the effective theory at the scale rh are obtained by matching 
the Lagrangian in eq. (j2"Uj) with the interaction terms of the supersymmetric Higgs doublets 
H u and H d , 

Aus y = - 9 j(Hia a H u + HyH d ) 2 - 9 -^(HiH u -H\H d ) 2 
+\ u lJ Hleu i q j - XfjHjediqj - A^tfjee^- 



-^ (ga a W a + g'B) H u -^ (ga a W a - g' b) H d + h.c. (21) 

Once the Higgs doublet H = — cos (3eH2 + sin f3H u is fine-tuned to have small mass term, 
the matching conditions of the coupling constants in eq. (J2*U|) at the scale m are obtained by 
replacing H u — > sin (3 H, H d — >■ cos (3eH* in eq. (f2~Tj) : 

, , , [o 2 (?Ti) + q' 2 (rh)] „ „ , . 

A(m) = L ^ V ^ cos 2 2/3, (22) 

fc« (m) = A£*(m) sin/3, ^/(m) = A-/*(m) cos/3, (23) 

sU"*) = ^(^i) sin /?, fifd(m) = </(m) cos /?, (24) 

5d("*) = rf{™) sin/3, <%(m) = #'(m) cos/3. (25) 

In the context of a supersymmetric theory it is possible to argue that the gaugino masses 
Mi or the higgsino mass \x are much smaller than the typical scale because they are pro- 
tected by an i?-symmetry and a PQ symmetry, respectively. However, the symmetries of 
the effective Lagrangian in eq. (|2()jl are not enhanced if we set Mi = or /i = 0, separately. 
This is because supersymmetry has been explicitly broken by eliminating the scalar fields. 
Nevertheless, if we simultaneously set Mj = jjl = 0, the effective theory remains invariant 
under the product of an i?-symmetry (with i?-charges R[H U ] = 2, R[H d ] = 0) and a super- 
symmetric PQ symmetry (with charges PQ[H U ] = PQ[H d ] = — 1). In other words, eq. (|2*nj) 
is invariant under a global U(l) symmetry with charges S[B] = S[W] = S[H] = —S[H d }/2, 
S[H U ] = 0, and with quarks and leptons with the appropriate charges. This symmetry is 
spontaneously broken by the Higgs vev and explicitly broken by Mj or fi. 

This result shows that the choice of keeping only light gauginos or light higgsinos, but 
not both of them simultaneously, is not radiatively stable. It is interesting that the only 
consistent choice (forgetting the tuning of the Higgs mass) of splitting the supersymmetric 
spectrum is the one that successfully reproduces gauge-coupling unification. Another conse- 
quence of this result is that the \x parameter mixes with M\^ under renormalization effects, 
as discussed in sect. 18.21 

A particular situation occurs when tan/3 — > oo, since h d , h e , g d ,g d vanish in this limit. 
Then eq. (j2()j) . for fi = 0, has an additional global symmetry (with charges ([B] = [W] = 0, 
[H] = [H u ] = [H d ]). When we set Mj = and keep \x non- vanishing, we find a different 
global symmetry (with charges ([B] = [W] = [H]/2 = [H u ] = —\H d }). Therefore, we expect 
no renormalization mixing between M\$ and \x in the limit of large tan/3. 
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Figure 2: The unification prediction for a s [Mz) as a function of m. The solid line corresponds 
to tan/? = 50 and the dashed line to tan/? = 1.5. The gaugino and higgsino thresholds are 
taken by assuming gaugino mass unification, and /i = M 2 . The results for M 2 = 300 GeV 
and 1 TeV are shown. 

3.1 Unification 

To make a precise assessment on gauge-coupling constant unification in Split Supersymme- 
try, it is necessary to study the 2-loop renormalization group evolution, including one-loop 
threshold effects. Between the unified scale Mgut and the scale of heavy scalars m, the 
theory is exactly supersymmetric. Below the scale fh, we use the spectrum of Split Super- 
symmetry, with gauginos and higgsinos included in the 2-loop evolution. Then we include 
separate threholds for the gluino M 3 and for weak gaugino and higgsino masses, and properly 
evolve between the two scales. Thresholds of the top quark and SM gauge bosons are taken 
into account in the usual way 13J. The relevant renormalization-group equation are given 
in the appendix. We use the same SM input values used in sect. El 

The prediction of a s (Mz), as a function of the intermediate scale fh, is shown in fig. 121 
We have shown our results for values of fh as large as Mgut, although the condition that 
the gluino lifetime is shorter than the age of the universe requires fh < 10 13 GeV. However, 
we recall that the limit from the search for heavy isotopes is valid only up to a gluino mass 
of 10 TeV. 

A value of fh larger than in conventional supersymmetric models improves the agreement 
between the theoretical prediction and experimental data. However, because of the theoreti- 
cal uncertainty due to unknown GUT thresholds and supersymmetric thresholds at the scale 
fh, it is not possible to extract firm bounds on the parameters. A dependence of a s (Mz) 
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Figure 3: The unification prediction for Mqut and ckgut as functions of m. The solid line 
corresponds to tan/3 = 50 and the dashed line to tan/? = 1.5. The gaugino and higgsino 
thresholds are taken by assuming gaugino mass unification, and \x = M 2 . The results for 
M 2 = 300 GeV and 1 TeV are shown. 

on tan /3 arises from two- loop effects proportional to the Yukawa couplings and the gaugino 
couplings g, but the numerical contribution is marginal. On the other hand, the effect of the 
gaugino and higgsino threshold is important. 

The prediction for Mqut is shown in fig. El The unified mass decreases as fa grows, but 
the proton-decay rate from dimension-6 operators remains unobservably small, at present. 
We recall that proton decay through dimension-5 operators is suppressed by the large squark 
mass. The value of ckgut decreases with m, because of the smaller particle content of Split 
Supersymmetry with respect to the ordinary case, as shown in fig. El 

Before discussing the unification of bottom and r masses, let us discuss the running of 
the top Yukawa coupling. It is well known that in the MSSM the Landau pole sets an upper 
limit on the top coupling, which translates in a lower limit on tan j3. In split supersymmetry, 
the Landau pole is met before the unification scale for lower values of tan f3. This happens 
for two reasons. First, below fh, the Yukawa coupling belongs to a theory with a single 
Higgs doublet and it is smaller by a factor sin/3 than in the two-Higgs theory. Second, the 
contribution of the top coupling to its evolution is smaller (see equations in the appendix). As 
a consequence, the value of the coupling at the matching with the supersymmetric theory is 
smaller, and this allows a smaller value of tan/5. Such low values of tan/5 are not necessarily 
ruled out in this scenario, as the Higgs mass can be made sufficiently large even for low 
values of tan/3 (see sect. 13. 4 j) . 

Since the model has a successful gauge-coupling unification, it is natural to study if also 
the bottom and r masses can unify at the same scale. We take the bottom-quark MS running 
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Figure 4: The Yukawa- coupling ratio \b/\ T evaluated at Mqut- The gaugino and higgsino 
thresholds are taken by assuming gaugino mass unification, and \x = Mi. The results for 
M.2 = 300 GeV and 1 TeV are shown. The bands correspond to \-a uncertainties in m& and 
m t , and tan/3 = 1.5, 10, 50, from top to bottom. 

mass m^m],) = 4.2 ± 0.1 GeV. Although the effective theory has only one Higgs doublet, 
the ratio mt,/m T depends on tan/? because of the running above m. In fig. HJwe show the 
Yukawa- coupling ratio Af>/A r at the unification scale, as a function of rh, for different values 
of tan/?. Here the trend with m is the opposite than for the prediction of a s (Mz), and 
heavy scalars make b-r unification more difficult for a given tan/3. For large tan/? this is 
also because in Split Supersymmetry one can not rely on sizable finite corrections at large 
tan/? J3J. Since the coefficient A of the trilinear soft terms is forbidden by the same R- 
symmetry that protects gaugino masses, the large-tan /? corrections are suppressed by powers 
of the heavy-scalar masses. For small tan/3, one obtains lower values of b-r, as a consequence 
of the slower running of the top Yukawa coupling discussed above (the top Yukawa increases 
the value of the bottom mass and does not affect the tau mass). 

Despite heavy scalars make b-r unification more difficult at a given tan/?, the prospects 
for b — r unification at low tan/? in Split Supersymmetry are actually better than in the 
MSSM. In fact, in both cases the top Yukawa enhancement of m& can be made large enough 
by using values of tan/3 close enough to the Landau pole lower limit (as in the MSSM, this 
involves a degree of fine-tuning). In the MSSM, such values of tan/? are excluded by the 
Higgs mass limit. Because of the slower top running, in Split Supersymmetry the values of 
tan/? required to enhance mi, are even lower. However, they are not excluded by the Higgs 
mass limits, as we will see later on. Therefore, b-r unification at low tan/? is not ruled out for 
heavy scalars, differently than in the MSSM. Note that we have neglected in our discussion 
the possibility of a contribution from neutrino Yukawa couplings J3j (which enhances the 
tau mass and therefore goes in the wrong direction). Also, the mb/m r ratio at Mgut can 
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Figure 5: The gaugino couplings in units of the gauge couplings g u /(gsm(3), gd/(g cos j3), 
g'J \g' sin (3) , g' d / (g 1 cos (3) as functions of m, calculated at the weak scale. The left frame 
corresponds to tan/3 = 1 and the right one to tan/3 = 50. 

be enhanced because of contribution from higher Higgs representations or because of the 
flavour structure of the Yukawa mass matrices. 



3.2 Gaugino Couplings 

A testable prediction of Split Supersymmetry is the deviation of the equality between gauge 
and gaugino couplings. This could be detected by precise measurements of the gaugino 
production cross section. Such tests have already been proposed in the case of low-energy 
supersymmetry ^Bj- The effect in Split Supersymmetry is much enhanced by the heaviness 
of squarks and slepton. A log resummation is required to compute the effect and the relevant 
renormalizat ion-group equations are given in the appendix. 

The gaugino couplings g, which satisfy the boundary conditions in eq. (J25J) at the scale 
m, are evolved to the weak scale. Numerical results are shown in fig. |3| To understand the 
behaviour, it is useful to take the analytic solution of the renormalization-group equations, 
in the limit of small ln(m//i), where Jx is the renormalization scale: 



9u 



gsmfl 
~9'u 



g' sin (3 



1 + 



1 + 



ln(m/ii) 

(4tt) 2 
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f + 7 -cos 2 (3) g 2 - 3 - cos* Pg>*-3h 



^cos 2 ^ 2 +(7-^cos 2 /3) ( r 



3/if 



(26) 

(27) 



The equations for g d /(g cos j3) and g'J{g' cos j3) are obtained from eq. (J2HJ) and eq. (|27jl . 
respectively, by replacing cos 2/3 — > — cos 2(3 in the right-hand side. Gauge and top-quark 
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Figure 6: The ratios of the pole gluino mass M g to M 2 (left frame) and Mi/M 2 (right frame) 
as functions of fh and M 2 , assuming gaugino mass unification. We have taken a large value 
of tan/5, so that the mixing between Mi 2 and /x is irrelevant. The shaded region corresponds 



to m < Mg. 



Yukawa contribute to the running of the gaugino couplings with opposite signs. In g u /(g sin fi) 
and gd/ (g cos fi), the SU(2) contribution has a very large coefficient which overtakes the top- 
Yukawa effect. In g'J \g' sin /3) and g'J \g' cos (3) , the most important gauge effects come from 
hypercharge, and top-quark effects tend to dominate. A significant cancellation of the two 
competing effects can occur in g'J (g' sin (3) or g u / (gsm.fi). 



3.3 Gaugino Masses 



We have computed the gluino pole mass with two-loop renormalization-group evolution and 
threshold effects, with the equations given in the appendix. To help the discussion, consider 
the one-loop expressions of the gaugino mass at the scale p, (in the limit of large tan fi) 

a s (/2) r ' 
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Figure 7: Left frame: the variation of the Mi jM 2 ratio with /i sin 2(3. Right frame: The value 
of the \x parameter at the weak scale in units of the smallest gaugino mass parameter Mi, 
assuming \x = at the scale in, and gaugino mass unification. We have taken tan/3 = 1.5, 
since low values of tan (3 enhance the effect of radiative corrections. 

The renormalization of the gaugino masses below m is substantial. However, the ratio be- 
tween gluino and weak-gaugino masses M- g jM 2 and the ratio M 2 /Mi do not significantly 
depend on in, as shown in fig. El This can be explained because the leading-logarithm 
evolution of the ratio Mi/Mj is proportional to the difference between the numerical co- 
efficients of the Mi and Mj anomalous dimensions. Therefore, intermediate thresholds of 
complete GUT multiplets (like squarks and sleptons at the scale in) have limited effect on 
the renormalization of the ratio Mi/Mj. 

As explained above in terms of symmetries, we expect the unusual feature of mixing 
between fj, and M 12 under renormalization effects. This is confirmed in the equations given 
in the appendix. For illustrative purposes, consider the approximate solutions for a renor- 
malization scale \x not much smaller than in 
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4vr \3 cos 2 9 W Mi(Mgut) 



(31) 
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where couplings on the right-hand side are evaluated at the scale in. Notice that indeed, 
as explained above, the mixing disappears for large tan/?. Even for tan/3 ~ 1, the mixing 
effect is suppressed with respect to the renormalization of M 2 . The numerical evaluation of 
the ratio Mi/M 2 , using the equations given in the appendix, is shown in fig. |H1 The effect 
of the mixing with /i is very limited, as exhibited in fig. [7| 

Because of the mixing between M 12 and fi, we could imagine to entirely generate [i by 
radiative effects. Therefore we consider the possibility that // = at the matching scale 



16 



-M s /M; 



Mi/M 2 




m (GeV) 



Figure 8: The ratios of the pole gluino mass Mg to M 2 (left frame) and Mi/M 2 (right frame) 
as functions of m, assuming gaugino mass conditions from anomaly-mediation. We have 
taken a large value of tan/3, so that the mixing between Mj.,2 and fi is irrelevant. The 
shaded region corresponds to m < M g . 

fh, and we compute the low-energy value, with the results shown in fig. We find that 
fi turns out to be significantly smaller than the gaugino masses, and therefore the lightest 
neutralino is a higgsino. In the next section, we will show that a dark-matter higgsino 
requires ft ~ 1.0-1.2 TeV. Therefore, in this case, the whole spectrum is quite heavy. 

So far we have considered a unification condition for gaugino masses. This appears quite 
justified, since unification is a crucial ingredient of this analysis. However, we can consider 
another interesting possibility. If supersymmetry breaking occurs in a sector without gauge 
singlets (as in models with dynamical symmetry breaking), than the leading contribution to 
gaugino masses comes from anomaly mediation [U|. The value of the gaugino masses traces 
the /3-functions all the way down to the scale fh, below which the spectrum is no longer 
supersymmetric. Therefore we consider the following gaugino-mass boundary conditions at 
the scale fh 



Mi 



9i 



■ma/2- 



(33) 



Here (3 gi are the beta-functions of the gauge coupling g, t (see appendix) and m 3 / 2 is the vev 
of the auxiliary component of the supergravity compensator field. The anomaly-mediation 
mass relations are modified by the non-supersymmetric running below the scale fh. The 
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Figure 9: The value of the fi parameter at the weak scale in units of the smallest gaugino 
mass parameter M2, assuming fi = at the scale m, and anomaly-mediated relations for 
the gaugino masses. We have taken tan/5 = 1.5, which enhances the effect of radiative 
corrections. 

ratio of the gaugino masses with anomaly-mediation boundary conditions are given in fig. |H| 
The W-ino always remains the lightest gaugino. 

We have also considered the case of a radiatively-generated \i parameter in Split Su- 
persymmetry with anomaly mediation and the result in shown in fig. As with gaugino 
unification, also in this case the higgsino turns out to be the lightest neutralino, but the hi- 
erarchy between /z and the gluino mass is amplified by the conditions of anomaly mediation. 

3.4 Higgs Mass 

The present lower bound on the SM Higgs mass, m# > 114.4 GeV at 95% CL ^EJ, provides a 
strong constraint on the parameters of low-energy supersymmetry. This constraint is relaxed 
in Split Supersymmetry, because the Higgs boson mass receives large radiative correction in 
the evolution from m to the weak scale. We have solved the relevant equations, contained in 
the appendix, and obtained the value of the Higgs mass shown in fig. E3 The band shows the 
uncertainty of the predictions due to the 1-cr error on the top-quark pole mass, m t = 178.0 ± 
4.3 GeV. The Higgs-mass dependence on tan/? comes primarily from the boundary condition 
in eq. (|22jl . and to a lesser extent from the renormalization-group evolution. Because of the 
large renormalization effect, values of tan/3 equal to 1 are allowed, but they require large 
values of m and low values of gaugino and higgsino masses. 
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Figure 10: The value of the Higgs mass as a function of m. The bands include 1-cr errors on 
m t and a s (Mz). The upper band corresponds to tan/3 = 50 and the lower one to tan/3 = 1.5. 

3.5 Dark Matter 

As discussed in the introduction, in the absence of the naturalness criterion, dark matter 
can provide the link between new physics and the electroweak scale. It is therefore crucial 
to study what are the implications of the request that the lightest neutralino is the dark 
matter particle. Differently than in ordinary low-energy supersymmetry, the parameter [i 
is not determined by electroweak symmetry breaking, but uniquely by the relic abundance 
calculation. In this section, we study this relation. 

Let us first consider the case in which the lightest neutralino is mostly B-ino. Since 
squarks and sleptons are decoupled and the B-ino is a gauge singlet, its only interaction is 
through its coupling g' ud with Higgs and higgsinos, given in eq. (J2UJ) . Therefore, if n 3> Mi, 
the B-ino is nearly decoupled and it annihilates too weakly in the early universe. This means 
that we need to consider values of /x comparable with Mi, and thus the lightest neutralino 
X is always a mixture of gaugino and higgsino and never a pure state. Through the mixing, 
this state annihilates efficiently into Higgs and gauge bosons. The dominant contribution, 
when /i is not much larger than Mi comes from p-wave annihilation into longitudinal gauge 
bosons which, for Mi 3> Mz, gives a \ renc abundance 



nj^o-i "W + t')'. 



mi TW 

A 



(34) 



Now we turn to the case in which the lightest neutralino is mainly a higgsino. The 
higgsino has gauge interactions which survive in the limit Mi 2 3> fi, and therefore it can be 
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the dark matter, even in a pure state. Actually the coupling of the lightest higgsino with the 
Z vanishes when fi ^> Mz- However, in this limit the other neutral and charged higgsinos 
are nearly degenerate in mass (and the lightest state is neutral) and off-diagonal couplings 
of the gauge bosons to higgsinos are allowed. When computing the relic abundance, it is 
therefore important to include the coannihilation of the various channels JH] • When this is 
done, we find that the relic abundance of a heavy higgsino in Split Supersymmetry is 3 

^h 2 = om (^) 2 - (35) 

Using the 1-a range of dark matter density preferred after WMAP data 21J 

0.094 < tt DM h 2 < 0.129, (36) 

we find that a higgsino dark matter should have a mass in the range 1.0 to 1.2 TeV. 

Next we consider a jy-ino lightest neutralino. The W-ino has also a neutral component 
that could play the role of the dark matter. It is not usually considered a standard can- 
didate, because in ordinary low-energy supersymmetry with gaugino unification condition, 
it can never be the lightest state. However, the W-ino can become the LSP in anomaly 
mediation [22] • Both tree- level and one-loop effects contribute to make the neutral state 
belonging to the SU(2) triplet lighter than the charged one [22] • In the limit of pure W-ino, 
the relic abundance in Split Supersymmetry is 

Q w h 2 = 0.02 {^± j . (37) 

Using eq. (|3*6^) . we find that the mass range of a W-ino dark matter is 2.0 to 2.5 TeV. 

Let us now study the dependence of the neutralino relic abundance as we vary the pa- 
rameters of Split Supersymmetry. The numerical result of the correlation between /x and M 2 
is shown in fig. El assuming gaugino mass unification, m = 10 5 GeV and tan/? = 4 and 20. 
The ratio M 3 /M 2 is determined by the equations discussed in sect. 13.31 

For small values of M 2 , the lightest neutralino is mainly I?-ino, but as explained before, 

the higgsino component is non-negligible. When M 2 is larger than the gauge-boson masses, 

eq. ()34|) is a good approximation and therefore the correlation between M 2 and \i is roughly 

[i oc M 2 , in agreement with the results shown in fig. ^2 As M 2 grows, the gap between 

/i and M\ gets reduces until we have the transition to the higgsino region, where the value 

3 The numerical calculations of the dark-matter relic abundances and detection rates presented in this 
paper have been performed using the fortran package DarkSUSY [201 adapted to the case of Split Super- 
symmetry. 
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Figure 11: The bands give the values of /x, as functions of M 2 , consistent with the dark 
matter constraint 0.094 < QnMh 2 < 0.129, with gaugino mass unification The solid lines 
correspond to tan/3 = 4 and the dashed lines to tan/3 = 20. The left frame is for positive 
values of \x and the right frame for negative values of fi. 

of (j, is uniquely determined by eq. ([350 . Thus the behaviour of the curves in fig. ^2 is well 
described by the various limiting approximations. 

Dark matter particles are actively searched for in underground experiments through their 
scatterings with nuclei. In the case of Split-Supersymmetry, since squarks and sleptons are 
very heavy, and the Z-x°-X° coupling gives only a spin- dependent neutralino interaction 
with nuclei, the only contribution to the spin-independent cross section comes from the 
exchange of the Higgs boson [23J. To compare different experiments, it is customary to 
consider the neutralino scattering cross-section off a proton, which is given by 

a p = (N n t&n6 w - N 12 f (iV 13 cos/3 - iV 14 sin/3) 2 j" 115 GeV \ 4 x 10 -43 cm 2 ^g) 






m H 



v 



Here m# is the Higgs mass and Nn are the gaugino and higgsino components of the lightest 
neutralino, in standard notations. As shown by eq. (|38|). the H-x°-X° coupling vanishes 
when the neutralino is a pure gaugino (N13 = N u = 0) or pure higgsino (iV 13 = N u = 0). 
Interestingly, Split Supersymmetry predicts that x° is a mixed state, as long as M 2 is not 
too large (see fig. ITT|) . However, the scattering rate is rather small and it drops with the 
Higgs mass as M^ 4 . In fig. El we show the spin-independent neutralino-proton cross section 
for the same parameter choice as in fig. ^2 We have normalized the cross section with a 
fixed value of m# , to allow a simple scaling of the results. Notice how the detection rate 
is negligible when x° becomes higgsino (M 2 > TeV). Nevertheless, in the case of a mixed 
state and in a large range of the allowed Higgs mass, the signal is within the reach of future 
experiments, which will have a sensitivity up to 10 _44 -10 -45 cm 2 for m x = 1 TeV. 
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Figure 12: The bands give neutralino-proton cross section relevant for dark matter detection, 
as a function of the neutralino mass m x . The cross section, which scales as a p oc m]j 4 , has 
been calculated for m# = 115 GeV. The parameters are such that the neutralino relic 
abundance is consistent with the dark matter constraint 0.094 < QnMh 2 < 0.129, assuming 
gaugino mass unification. The solid lines correspond to tan/3 = 4 and the dashed lines to 
tan/3 = 20. The left frame is for positive values of /i and the right frame for negative values 
of \x. 



3.6 Collider Signals 

Our dark matter analysis has identified three preferred regions of Split Supersymmetry. 

The first region is, for gaugino mass unification, when M 2 is below about 1-2 TeV, and the 
parameter /i is determined to be comparable (but slightly larger) than M\. As M 2 grows, the 
degeneracy between /i and Mi becomes more pronounced. The lightest neutralino is always 
a mixed state. In this region, the gaugino mass parameters can be as low as their present 
experimental lower limit, giving particularly interesting prospects for future searches. 

The second case is when /i ~ 1.0-1.2 TeV and the gaugino masses are (arbitrarily) larger 
than fi. This is, for instance, the situation when the [i parameter is radiatively generated, 
as considered in sect. 13. HI New particles can be considerably heavy. 

Finally, there is the possibility that M 2 — 2.0-2.5 TeV and the other parameters are 
(arbitrarily) larger: this is the case with anomaly mediation. It is not a very pleasent 
scenario for collider experiments, since all new particles are very heavy. We want to stress 
however that, once we abandon the hierarchy problem, a lighter spectrum is not more natural 
than a heavy one. All solutions to the dark matter requirements are equally acceptable. 

At the LHC, experiments can search for displaced vertices (if fh is low and the gluino 
decays inside the detector) or for stable coloured particles (for larger in) ^2] ■ We expect that 
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gluinos should be visible for masses up to about 2.5 TeV. This limits the reach on the param- 
eter M2 and certainly not all the region relevant for dark matter will be covered. Therefore, 
the search for neutralinos and charginos can be quite important. In Split Supersymmetry, 
neutralinos and charginos are produced at the LHC only through gauge-boson interaction, 
since there are no decay chains originated by gluino and squark decays. The trilepton chan- 
nel is also not feasible, because of the small leptonic branching ratios of gauginos, in the 
limit of heavy sleptons. 

There are two characteristics of Split Supersymmetry, which determine the collider phe- 
nomenology of neutralinos and charginos. (i) In the effective theory, the B-'mo interacts 
only with Higgs and higgsinos, see eq. (f2T)|) . Therefore, when M\ is smaller than M2 and /x, 
we expect a significant probability of finding Higgs bosons in the final states of the decay 
chains of the heavy neutralinos and charginos. A complication exists when Mi and \i become 
nearly mass degenerate, (ii) The phenomenology of Split Supersymmetry is different than 
the one of ordinary low-energy supersymmetry with heavy squarks, because of the value of 
the /i parameter. In the ordinary case, radiative electroweak breaking leads to a large \x and 
almost pure gauginos are the lightest states. In Split Supersymmetry /1 is determined by 
dark matter considerations and higgsinos play an important role. 

Identification of neutralinos and charginos at the LHC requires the analysis of signals 
with multi-Higgs and missing energy in the final state. Once the Higgs is discovered in 
the conventional channel and its mass determined, one can isolate multi-6-6 pairs with the 
correct invariant mass from the background. 

Linear colliders are most appropriate to extend the search for neutralinos and charginos. 
In particular, a multi-TeV collider like CLIC could entirely cover the cases of mixed-state 
or higgsino dark matter. The Vy-ino case requires center-of-mass energies up to 4-5 TeV. 
Moreover, a linear collider can determine the mass parameters and the gaugino couplings g, 
testing the relations of Split Supersymmetry. 

Acknowledgments We wish to thank T. Jones, M. Mangano, T. Plehn, and R. Rattazzi 
for useful discussions. 



Note added After completion of this paper, the paper in ref. [26] appeared, giving the 
renormalizat ion-group equations for Split Supersymmetry at one-loop order. The equations 
for the gaugino coupling g u , for the weak-gaugino mass, and for the Higgs coupling do not 
agree with the results given in our appendix. Our results correctly match the supersymmetric 
case. 
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Appendix 



In this appendix we give the renormalization-group equations for Split Supersymmetry. They 
have been derived from the general expressions given in ref. [21]. We have checked that when 
the contribution from heavy scalars is included, our equations reproduce the supersymmetric 
result, given in ref. 



The 2-loop renormalization-group equation for the gauge couplings is 
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where t = In fi and /i is the renormalization scale. We use the convention g\ = (5/3)g' 2 . 
Equation (jHHJ) is scheme-independent up to the two-loop order. 



In the effective theory below m, the /^-function coefficients are 
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Above the scale m, we recover the supersymmetric result (identifying h a with A a *) 
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Since Yukawa and gaugino couplings appear in eq. (J3~9*)) only in the two- loop part, we 
need their evolution up to the one-loop order. For the Yukawa couplings, we find 



(4tt) 



dt 



(4vr; 

(4t^ 2 
Below the scale m, we find 
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h u = h u (-3Y,^g-+-h uj h u --h^h d + T\ 
h d = h d (-3j2c d g*--h^h u + -h d ^h d + T\ 



T = Tr (3h«h u + 3h d W + h^h e ) + l(gl + gl) + \ (g' u 2 + g'l) 

B _/17 3 8\ d (1_ 3 8\ e _ /3 3 \ 
' ' Uo'4'3,/ ' U2'4'3j ' U'4' 



(47) 
(48) 
(49) 

(50) 
(51) 



This result is valid also for the SM, if we take T = 1i{3h u ^h u + 3h d ^h d + h e ^h e ). 

Above the scale rh, the renormalization-group equations of the Yukawa couplings are 



A" 



(4tt) 2 4 X u 



-2 £ c^ 2 + 3A ut A" + A dt A d + 3Tr(A ut A u ) 

8=1 

3 

-2 £ c^ 2 + A ut A M + 3A dt A d + Tr(3A dt A d + A et A e ) 

i=l 
3 

-2 J2 <£ + 3A et A e + Tr(3A dt A d + A et A e ) 



(52) 
(53) 
(54) 



13 3 8\ H (13 

c 



Llo\. 



.30 2' 3/ V30 2'3/ U0 2 

The renormalization-group equations for the gaugino couplings defined in eq. (|20|) are 



(55) 



W»| s. 



3 5 1 1 

-3<7„ 51 ^ + 4^ ~ 2^^ + 4^" + 9d9 ' d9 ' u + ~ 9uT 

3 



(56) 



W 2 !& = "3^E« + ^ 3 + ^ 2 + ^ + 3&^ + ^T (57) 

2=1 



rf 3 5_1__1__ 

(4tt) 2 ^ g d = -3^ d X! ^i + 4#rf - 2^« + 1 9d9d + 0«&#i + ^ T 

2 = 1 ~ 

c=(i.,i!,o) c=r-*-,».o 

V20 4 ' / V20 4 



(58) 
(59) 

(60) 
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The renormalization-group equations for the gaugino masses and the /i parameter below 
the scale rh are 



(4,r)'| M 3 = 


= - 18 ** f 1 + (I*) 


(61) 


(4r)'| M 2 = 


= (-12^| + ^ + ^)M 2 + 4^ d /i (62) 


(4^-M, = 


= (^ 2 +^ 2 )M 1 +4^/i (63) 


«">5 " = 


1 

4 


[- 18 (f +si ) + 3(^) +M 


// + 3g u g d M 2 + ~g'J d M l {QA) 



For M3 we have included also the next-to-leading order correction and we find c g = 38/3 in 
MS and c g = 10 in DR. The relation between the gluino running and pole mass is 



Mi 



pole 



M s {p) 



1 + 



gi 



(4ttY 



C~ n + 9 In 



Mi 



(65) 



with C g = 12 in MS and c g = 15 in DR. 



Above the scale rh, the equations for the gaugino masses and /x are given by 
d 



{AnY- Mi = 2b i gfM 1 



dt 



-3#o - -0? + Tr(3A nt A" + 3\ d ^\ d + A et A e ) 
5 



ft. 



(66) 
(67) 



The two-loop expression of the gluino mass can be found in ref. [25]. In our numerical 
analysis we have set to zero the trilinear A-terms. 

Finally, the equation for the Higgs quartic coupling is 



«'! A 



12A 2 + A [-9 (& + g^ + 6 (f u + f d ) + 2 (# + # 

+4Tr(3/i ut /i" + 3// f // + /i et /i 



2^2- 
2 



9(£ , M + 2& 

2 V 2 50 5 

x xl X x>\ 2 



-5 (gi + gf) - 2glgj - (g'£ + gf) - 2 (g u g' u + g d g' d 



-4Tr 



3(/i ttt /i tt ) 2 + 3(/i dt /i d ) 2 + (h et /i e ) 5 



(68) 
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